INTRODUCTION
Buckling of reinforcing bars in reinforced concrete (RC) columns following a major earthquake is a visible damage state that indicates a significant loss of load-carrying capacity and signals the transition from a moderate reparable to major irreparable damage state. A comprehensive investigation of the bar-buckling phenomenon and the factors affecting the buckling response of longitudinal bars in RC columns is essential to gain a better insight into the implications of bar buckling on the seismic response of building and bridge columns.
Previous studies, both analytically and experimentally, have focused on different aspects of bar buckling with particular emphasis on the behavior of single isolated bars. Mau 1 developed a beam-column element for finite element (FE) inelastic buckling analysis to investigate the effects of slenderness and material hardening. Monti and Nuti 2 and, later, Gomes and Appleton, 3 modified the Menegotto-Pinto 4 cyclic stress-strain steel relationship to include the effect of inelastic buckling. In the case of the Gomes-Appleton 3 model, buckling behavior is simulated by a simplified model based on the equilibrium of a plastic mechanism of the buckling bar. Both papers assume that the stiffness of the transverse reinforcing bar (or the hoop bar) is sufficient to prevent longitudinal bar deflection at the support points. Hence, the analysis is simplified to the response of a single bar with the buckling length equal to the spacing of the transverse reinforcing bar. This assumption limits the application of the model only to columns where the transverse bar spacing is very large or the lateral confinement provided by the transverse reinforcement is very stiff. 3 Experimental studies on reinforcing bar behavior (including buckling) have been conducted by numerous investigators. 5, 6 Rodriguez et al. 7 proposed a procedure to predict the onset of buckling and evaluate the cyclic stress-strain behavior of steel bars based on monotonic and cyclic axial tests. Brown and Kunnath 6 examined the cyclic response of bars with varying L/D b (bar length to bar diameter) ratios with the objective of developing fatigue-life relationships, whereas the tests by Bae et al. 5 were concerned with evaluating the effects of the L/D b ratio, e/D b (initial imperfection to bar diameter) ratio, and the ratio of ultimate to yield strength on the buckling of reinforcing bars.
All of the work reported previously deals with the response of individual bars. Extremely limited data are available on the average stress-strain relationship of a reinforcing bar embedded in an RC column because of difficulties associated with pre-estimating the gauge length across which to measure the average response and the proper consideration of confinement effects due to the presence of transverse reinforcement. Experiments on column specimens with the specific objective of investigating buckling are reported by Moyer and Kowalsky, 8 Freytag, 9 and Brown et al. 10 Based on the observed response of the four identical columns subjected to different load histories, Moyer and Kowalsky 8 concluded that tension strain experienced by the reinforcing bars directly affects the onset of bar bucklinga finding that concurs with the observations of Rodriguez et al. 7 and Brown et al. 10 It is evident from the review of previous work that both analytical and experimental studies have provided adequate understanding on individual bar buckling. However, the buckling of reinforcing bars in the context of laterally loaded RC columns is intrinsically more complex given the interaction of the concrete and confining lateral reinforcement with the longitudinal reinforcement. Several important issues regarding the prediction of buckling behavior of bars in RC columns remain unresolved. This study aims to develop and validate a simplified model for buckling of reinforcing bars embedded in an RC column and to use this model to investigate the influence of several critical parameters on the buckling behavior of longitudinal reinforcement in circular columns.
RESEARCH SIGNIFICANCE
Previous research indicates that well-confined bridge columns subjected to cyclic lateral loads in the presence of axial loads tend to follow a similar progression of damage states-namely, concrete cracking, yielding of longitudinal reinforcement, spalling of cover concrete, longitudinal bar buckling followed by spiral fracture, and/or longitudinal bar fracture. Force capacity reduction followed by column failure is often initiated by buckling of the longitudinal bars. Hence, it is significant for designers and researchers to gain a better understanding of structural response influenced by longitudinal bar-buckling damage of RC columns.
Although previous studies have provided some insight into the buckling behavior of individual bars, additional research on the parameters influencing buckling response of bars in RC columns is clearly necessary, such as effective buckling length (spanning more than one tie), interactions between longitudinal bars, transverse reinforcement and concrete, and the development of an effective constitutive model for use in fiber-model analysis of RC structures.
THREE-DIMENSIONAL (3-D) FE MODELING OF
LATERALLY LOADED COLUMNS Prior to developing a simplified model to study the buckling behavior of longitudinal reinforcing bars under combined lateral and axial forces, 3-D FE models of the entire column (referred to as "full-column" models) are developed to predict first-mode buckling shapes and reasonably simulate the interaction between the longitudinal bar, transverse bar, and surrounding concrete. These high-fidelity "full-column" models will serve as a basis to facilitate the development of simplified models and provide a means of comparing average stress-strain relations obtained through the latter.
Three-dimensional FE models of the RC columns are developed using the commercial FE software LS-DYNA. 11 The column model consists of three primary parts: concrete, longitudinal reinforcing bars, and transverse bars. The concrete is modeled using elastic solid elements, while both longitudinal and transverse reinforcing bars are modeled using nonlinear flexural beam elements. The material model used for the reinforcing bar is a simple bilinear model with kinematic hardening. A post-yield stiffness of 1.5% of the initial stiffness is specified based on the calibration of the model with experimental results reported in Bae et al. 5 Two assumptions are inherent in the FE simulation models: 1) buckling is initiated in a direction perpendicular to the tangent of the cross-section circumference; and 2) concrete cover has spalled prior to the initiation of buckling; hence, the effects of the cover concrete are ignored. The following constraints and boundary conditions are imposed on the model. 1. Longitudinal reinforcing bars and transverse reinforcing bars share the same nodes at their intersections, which means that slip between transverse and longitudinal bars is not considered. This simplification is not critical to the prediction of buckling behavior.
2. Between the concrete surface and longitudinal reinforcing bar nodes, node-to-surface gap-type contact is defined to transfer forces between the concrete surface and the longitudinal reinforcing bar nodes.
3. The axial displacements of longitudinal reinforcing bar nodes are constrained to be the same as the axial displacement of the nearest concrete nodes, which defines the bonding and transfer of forces between concrete and longitudinal bars.
4. The imposed lateral displacement is applied to all nodes at the top of the column.
To establish the adequacy of the "full-column" FE models, the simulated buckling lengths-in terms of the ratio of the hoop spacing to bar diameter-of typical columns are compared with experimentally available results. Twelve column specimens from previous references were selected to validate the high-fidelity "full-column" model. Four sample simulations are presented in Fig. 1 . The numerically simulated buckling shapes are compared with the experimentally observed shapes reported by El-Bahy et al.
12, 13 and Lehman et al. 14 Buckling lengths vary from four times the transverse Fig. 1 It is important to reiterate that the objective of the modeling is to simulate the experimentally observed buckling length based on the geometry of the specimen and the reinforcing details. Other aspects of behavior, such as tensile cracking and compressive crushing of the core concrete, are not critical to the simulation of the buckling length. It was also found that cyclic effects were not a significant factor in predicting buckling length, although it is well-established that the effects of cyclic loading do influence the initiation of buckling and bar fracture. Ultimately, the ability of the model to accurately simulate the buckling shape for the specified cross section and configuration of transverse and longitudinal reinforcement provides reasonable confidence in the model.
Definition of average stress and strain for "fullcolumn" models
A suitable definition of average stress and strain is necessary to enable the development of material stress-strain curves for use in fiber-based modeling of RC sections. Irrespective of whether a fixed plastic hinge length or a distributed plasticity approach is used to model the element, the stress-strain behavior is valid across the hinge length or the inelastic zone between two integration points. In FE simulations, average stresses are processed from axial forces in the beam element representing the longitudinal bar. In Fig. 2 , the axial forces in the longitudinal bar at different regions along the buckling region are plotted from a numerical simulation of a hypothetical column that was intended to produce a longer buckling length. Note that each region (marked in the figure from 1 to 6) is composed of multiple elements. It is seen that with increasing lateral loads, the axial force decreases from the bottom section to the top (from the elements at Zone 6 to the elements in Zone 1). For the imposed loading and end constraints, yielding of the longitudinal bar initiates at the bottom (Region 6) and gradually progresses upward. The deformation restraints at the base of the column can produce a localized response in the elements below Region 6; hence, a more refined mesh may be required around this zone. The stress in each region is calculated by dividing the average axial force in the elements in a particular region by the bar area. Strains are calculated based on the length change of the region between two adjacent transverse bars.
The calculated stress-strain curves for different regions of the buckled zone are compared in Fig. 2(b) . In Fig. 2 (b) and all the stress-strain curves presented henceforth, stress and strain are normalized by the yield stress and strain of the material, respectively. The black bold line is the average axial force in all the elements in the buckled zone, excluding the end Region 7 (because the localized response of this region may tend to overestimate the buckling strength). The average strain is based on the buckling length identified in Fig. 2(a) . It is observed in Fig. 2(b) that the "average" stressstrain curve computed from the procedure described previously (neglecting the localized response of the bottom-most region) is a reasonable representation of the overall stressstrain response of the buckled region of the longitudinal bar.
Based on these preliminary simulations, it is shown that the FE-based "full-column" models can reasonably simulate the interactions between the longitudinal bars, transverse reinforcement, and concrete, and adequately predict longitudinal bar buckling behavior in concrete columns subjected to axial force and bending. It has also been demonstrated that the average stress-strain relations based on the equivalent buckling length provides a convenient means to establish the gauge length across which the material strains can be measured. However, high-fidelity FE models are computationally demanding due to both the model size and complexities of introducing contact elements between the concrete and reinforcement. Computational inefficiency impedes practical application of such models in parametric studies. Simplified models are therefore necessary to enable more comprehensive series of simulations to examine the effects of various column parameters on the buckling behavior.
"BEAM-ON-SPRINGS" MODELS
A simplified "beam-on-springs" model is developed to simulate the effects of the confining steel on the buckling bar. This is achieved by isolating an individual longitudinal bar in a complete column and modeling it as a flexural member, as illustrated in Fig. 3 . The concept itself is certainly not new, but the detailed and comprehensive study that follows is a systematic effort to characterize the model and its properties. The bar is modeled in LS-DYNA 11 as an assemblage of Hughes-Liu beam elements with cross-section integration. The constraining mechanism from transverse reinforcing is modeled by means of discrete springs at each transverse bar location. For the end nodes of the longitudinal bar, both rotational and translational degrees of freedom are fixed, except for the axial direction. Axial displacements are then imposed at the two ends of the longitudinal bars to induce buckling. Clearly, the central parameter of importance is the stiffness of the discrete springs. Because the spring properties are dependent on numerous internal variables related to the configuration and details of the column section and reinforcement, the succeeding sections attempt to identify the controlling parameters of the model and develop specific recommendations to establish the properties of the effective springs.
Definition of average stress and strain for "beamon-springs" models
As in the case of the high-fidelity "full-column" model, it is first essential to develop a definition of average stress and strain for the "beam-on-springs" model. Axial forces are imposed by displacement control at the two ends of the longitudinal bar. Because the computed axial forces along the longitudinal elements are almost identical, the average stress is calculated by dividing the axial force by the crosssectional area of the element. The average strain is measured based on buckling length, shown in Fig. 4 as the distance between Points A and B (locations of zero slope).
Estimation of effective spring stiffness
To simulate buckling behavior in beam-on-springs models, the accurate estimation of the confining effect of the transverse reinforcement (represented in the model by the spring stiffness) is critical. In this study, this is accomplished by examining the response of a single hoop under the action of loads that result from the initiation of longitudinal bar buckling. Figure 5 shows two mechanisms that simulate this action: the first under pure axial compression and the second under combined axial force and bending. The proportion of the area in compression varies as a function of the axial load ratio, applied bending moment, and cross-section configuration. In the case of pure compression in Fig. 5(a) , all longitudinal bars have approximately the same compressive stress and will, in theory, buckle together. During buckling, the longitudinal bar pushes the intersected transverse bar outward and the hoop reinforcement will expand symmetrically in plane and retain its circular shape (ignoring material and construction imperfections).
The effective initial stiffness of the transverse bar is 2EA h /d c (E is Young's modulus of the material; A h is crosssectional area of the transverse hoop; and d c is the diameter of the column core), which is significantly higher than for load cases with combined axial force and bending. In the case of axial compression and bending shown in Fig. 5(b) , the longitudinal bar subjected to the maximum compressive stress buckles first and the transverse hoop bars deform asymmetrically. The transverse bar is stretched and internal forces are redistributed. Furthermore, the stretching extends throughout the circumference of the hoop. The influence length (across which the stretching occurs in the hoop) needs to be determined by examining the axial force distribution along the circumference of the hoop bar. This nonsymmetrical deformation and stretching of the hoop bar leads to a different confinement effect compared to the transverse reinforcement in columns subjected to pure compression.
Both analytical and numerical simulations are performed to study the effective confinement of transverse hoops in a circular concrete column (Fig. 6) . With respect to the analyt- ical simulation of the model shown in Fig. 6(a) , for each lateral displacement D, the lateral force can be expressed by the lateral projection of the axial force in the hoop bar, which is calculated by the stretching of the transverse hoop (l 2 -l 1 in Fig. 6(b) ). As shown in Fig. 6(c) , a model of a single hoop across one spacing s is built using LS-DYNA. 11 The model consists of solid elements for concrete and flexural beam elements for transverse reinforcing bars. Contact between concrete and transverse bars is defined to prevent nodes of transverse bars penetrating through the concrete surface. Lateral displacement at the intersection with the buckled longitudinal bar is imposed to simulate the pushing force of the bar.
To investigate the variation of the axial force along the circumference of the hoop, axial forces of the elements along the circumference are recorded and plotted in Fig. 7(b) . It can be observed that the axial force can almost be completely transferred from Loading Point B to the far end of the transverse hoop at Point A. Hence, it is reasonable to assume that the axial force in each element along the circumference of the hoop remains nearly constant. With the assumption of constant axial force, the lateral force can be expressed as a function of lateral displacement based on a bilinear material model with initial modulus E, yield strength s y , yield strain e y , and post-yield stiffness E t . 
In Eq. (1), the variables r, s y , e y , and A h can all be expressed as a function of column parameters, and the effective spring stiffness can be directly determined from column diameter d c , transverse reinforcing bar diameter d h , and transverse reinforcement material properties.
Numerically and theoretically simulated curves of lateral force versus displacement are plotted and compared in Fig. 8(a) with column properties listed in Table 1 . The agreement between the two curves validates the proposed analytical solution. A simplified bilinear model, as shown in Fig. 8(b) , is constructed by simply connecting the origin with the yield point and considering only the linear term of 
MODELING SENSITIVITY
In this section, certain modeling issues are clarified and features of the model are tested to ascertain the physical basis of the model. In the full-column models, as discussed previously, contact is defined between the bar and concrete to prevent the reinforcing bars from penetrating the concrete surface. However, in the "beam-on-springs" models, this possibility is avoided by specifying a large value of the spring stiffness in compression. In conjunction with the specification of the initial geometrical imperfection, the near-incompressibility of the spring permits the control of both buckling direction and location.
Effects of spring nonlinearity
To explore the effects of post-yielding behavior of the equivalent springs in the beam-on-springs model, a series of bars with spring models using both linear and bilinear spring properties, as shown in Fig. 8(b) , are analyzed. The linear model ignores the yielding and post-yield stiffness of equivalent springs and retains its initial stiffness for the entire simulation. Table 2 lists the parameters of the "beamon-springs" model. The initial, post-yield stiffness and yield forces of springs are evaluated from numerical simulations of the full-column model, as discussed previously.
Comparisons of the average stress-strain relations between bilinear and linear spring models for six column examples with various bar diameters d b and s/d b ratios in Fig. 9 indicate that the yield force and post-yield stiffness of springs do not significantly affect the average constitutive relations, especially in Case 1b, Case 2b, and Case 3a, where s/d b is large. This suggests that the most important parameter is the initial spring stiffness. The addition of other parameters, such as yield strength and post-yield stiffness, has little effect on improving the accuracy of the predictions. Hence, a linear elastic material is used to model the equivalent springs in the "beam-on-springs" model. The spring stiffness is established using Eq. (1).
Imperfection effects
Longitudinal reinforcement in RC columns is not perfectly vertical and some degree of imperfection always exists. The degree of imperfection is typically a function of the slenderness ratio of the column. A higher degree of imperfection may lead to earlier initiation of buckling. In the "fullcolumn" models, buckling of the longitudinal bar can occur even without the introduction of imperfections because the column is subjected to lateral forces and the resulting model is not symmetric under the action of external loads.
In the case of models based on the "beam-on-springs" approach, due to the fact that pure axial forces are imposed at the two ends of the bar, buckling has to be initiated through the introduction of an imperfection. Because both the structure and the loading are symmetric, the buckling location cannot be controlled without the introduction of some geometric imperfection. Consequently, in all simulations based on the "beam-on-springs" model, imperfection is introduced by a small initial geometric offset at the midsection of the column, with amplitude in the range of 0.01 to 0.1% of the model length.
A sample simulation is presented to illustrate the effects of initial imperfection on average stress-strain response. Model details are listed in Table 3 . In Fig. 10 , s/d b is increased from 2 to 12, while no initial imperfections are imposed. It is observed that even with a larger s/d b ratio, buckling always initiates at the yielding of the material. This can be attributed to the fact that without initial imperfections, in the elastic phase of the response, computational round-off errors are negligible and system symmetry is maintained. In the plastic stage, the propensity for asymmetry increases due to added numerical computations and the iterative processes needed to achieve convergence and equilibrium. Various amplitudes of imperfection are then introduced in the model for the cases with fixed spring stiffness k for s/d b = 2 and various stiffnesses k for s/d b = 8, as shown in Table 3 . Different degrees of stress degradation with an increasing degree of imperfection can be observed in the average stress-strain curves plotted in Fig. 11(a) through (d) . It is also observed that the steeper the post-yield curve, the more severe the imperfection effect. However, because the actual imperfection cannot be estimated with any reasonable accuracy, the model simulations presented in this paper are based on an imperfection up to 0.1% at the midheight of the bar. As indicated in Fig. 11 , if the stress degradation immediately after yielding is severe (as shown in Fig. 11(c) and (d)), increased imperfection leads to a smooth transition to the degrading phase. On the other hand, if the stress degradation is gradual (as shown in Fig. 11(a) and (b) ), there is very little difference between the stress-strain curves with and without imperfection. Ultimately, in all cases, the stressstrain curves converge at higher strains.
Longitudinal bar arrangement effects
The proposed "beam-on-springs" model incorporates three primary variables: the longitudinal bar diameter d b , transverse reinforcing bar spacing s, and spring stiffness k. The spring stiffness is influenced by transverse bar diameter, column diameter, and transverse bar material properties. The only factor that has not yet been considered is the arrangement of the longitudinal bars. Several "full-column" model simulations with various arrangements of longitudinal bars (Table 4 ) are built to investigate the influence of the number of longitudinal bars for a given cross section. Average stress-strain relations are plotted in Fig. 12 . Some influence of the bar arrangement is noticeable, depending on whether the longitudinal bars are sparsely or densely distributed. Because the amount of reinforcement in typical RC sections lies in the range of 1 to 3% and building codes restrict the spacing between bars, the influence of bar arrangement is not significant.
Model length effects
A reliable "beam-on-springs" model should be independent of the model length. Irrespective of model length, the same buckling profile (in terms of buckled length) and identical average stress-strain relations should be obtained. Two sets of "beam-on-springs" models for sample columns with details listed in Table 5 are developed and model lengths are varied. Figure 13 shows that consistent buckling length and comparable stress-strain relations are obtained, which validates the consistency of the models.
Comparing the average stress-strain relations obtained from "beam-on-springs" models and the "full-column" FE Fig. 14 indicates that the average stress-strain curves are similar in both cases and the buckling shapes predicted by both models are comparable. Recall that the high-fidelity models were compared previously to experimentally observed behavior in Fig. 1 . These comparisons validate the applicability of "beam-on-springs" models to simulate longitudinal bar buckling behavior to predict the buckling length and provide average stress-strain curves. Furthermore, the "beam-onsprings" model is computationally more efficient. All these features demonstrate that the "beam-on-springs" model presented in this paper is suitable for parametric studies of the buckling behavior, which can be used to develop a material model for reinforcing steel that also includes the effects of compressive buckling.
Validation of unique parameter (l b /d b ) governing stress-strain response
In concluding this work, an important finding related to the modeling of bar buckling is discussed. As stated at the outset of this paper, much of the previous work has focused on the response of isolated bars based on an implicit assumption that the buckling response of a single isolated bar is similar to that of longitudinal bars in a concrete column, as long as the buckling length is identical. It has been demonstrated herein that the prediction of the buckled length is a significant first step in establishing the compressive stress-strain response of a reinforcing bar confined by transverse hoops. However, it is essential to model the effect of the restraining action of the hoops to accurately establish the correct stressstrain response. The only case where an isolated bar response is valid is when buckling occurs between two hoops. The prediction of the average compressive stress-strain response of a reinforcing bar embedded in a concrete column is a function of the degree of confinement and cannot be represented by an isolated bar when the buckling crosses several transverse bars.
Once the buckling profile (and therefore the buckling length l b is determined), the stress-strain response is governed primarily by the parameter l b /d b . Figure 15 shows the normalized compressive stress-strain response for two sets of simulations: one with an l b /d b ratio = 12 and the second with an l b /d b ratio = 20. For each set, two cases are considered with different hoop spacing and bar diameters but producing the same l b /d b ratios. It is evident from the plots in Fig. 15(a) and (b) that the stress-strain response for a given l b /d b ratio is practically identical. This leads to the conclusion that the stress-strain response of a longitudinal bar in an RC column confined by hoops is primarily a function of the buckling length and bar diameter.
CONCLUDING REMARKS
FE models were developed to study the bar-buckling mechanisms in both 3-D high-fidelity "full-column" models and simplified "beam-on-springs" models. Detailed FE simulations indicate that the "full-column" models can reasonably incorporate the interaction between the longitudinal bars, transverse bars, and core concrete and generate buckling shapes comparable to those obtained in experimental tests. To simplify the buckling analysis, a less computationally demanding "beam-on-springs" model was developed. Spring properties are obtained from numerical simulations and represent the combined effects of critical column parameters such as column size and transverse steel properties. Several issues related to the sensitivity of "beam-on-springs" models, such as configuration detail, model length, and imperfection effects, are also discussed. A particular finding of the study with important implications in analysis and design is the fact that the compressive stress-strain response of a longitudinal bar is controlled by a single parameter: the l b /d b ratio. The approach presented by this paper provides a simple methodology for generating the compressive stress-strain relationship of reinforcing bars in the presence of buckling. Extension of this methodology to rectangular sections has also been investigated 15 but is beyond the scope of this paper. 
